Quantum measurement of an electron in disordered potential:
  delocalization versus measurement voltages by Hu, Xue-Ning & Li, Xin-Qi
ar
X
iv
:c
on
d-
m
at
/0
60
32
55
v1
  [
co
nd
-m
at.
me
s-h
all
]  
9 M
ar 
20
06
Quantum measurement of an electron in disordered potential: delocalization versus
measurement voltages
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Quantum point contact (QPC), one of the typical mesoscopic transport devices, has been
suggested to be an efficient detector for quantum measurement. In the context of two-state charge
qubit, our previous studies showed that the QPC’s measurement back-action cannot be described
by the conventional Lindblad quantum master equation. In this work, we study the measurement
problem of a multi-state system, say, an electron in disordered potential, subject to the quantum
measurement of the mesoscopic detector QPC. The effect of measurement back-action and the
detector’s readout current are analyzed, where particular attention is focused on some new features
and the underlying physics associated with the measurement-induced delocalization versus the
measurement voltages.
PACS numbers: 03.67.Lx, 73.23.-b, 85.35.Be
Introduction.— Measurement of an individual quan-
tum state in solid-state system has attracted wide spread
attention in recent years, largely due to the promising
field of solid-state quantum computation. A possible
solid-state implementation of such measurement is to
measure a charge qubit by a mesoscopic quantum point
contact (QPC) [1, 2]. Very recently, an elegant exper-
iment was performed by employing a QPC to measure
the quantum dot occupation by an extra electron, which
is further associated with a single electron spin state [3].
This experiment clearly demonstrated the extremely high
sensitivity of the QPC detector, implying its possible
wide application in the future. It is therefore of impor-
tance to develop reliable theoretical description for this
important quantum measurement device.
Theoretically, this measurement problem was first
studied by Gurvitz [1], followed then by many other
groups [2]. Here we mention three typical approaches
employed in literatures: (i) the so-called Bloch equation
approach developed in Ref. 1 and a number of other pa-
pers by Gurvitz et al; (ii) the quantum trajectory tech-
nique from quantum optics by Goan et al [4]; and (iii) the
Bayesian approach by Korotkov et al [5]. In spite of their
different forms in appearance, these three approaches are
equivalent in essence. In particular, all of them are based
on the same (unconditional) Lindblad master equation.
However, as clearly manifested in Ref. 1, the associated
Lindblad master equation would result in the universal
equal occupation probability on the qubit states in sta-
tionary state. Obviously, under finite voltages this result
breaks down the detailed balance condition, which is thus
valid only at high voltage limit.
Very recently, in the context of two-state quantum
measurement, we showed that in general (i.e. under
arbitrary measurement voltages) the QPC measurement
setup cannot be described by the Lindblad master equa-
tion [6, 7]. In this work, based on our new treatment
we study the quantum measurement of a multi-state sys-
tem, say, an electron in disordered potential, measured
by the mesoscopic detector QPC. It is well known that
an electron in disordered potential will be subject to the
Anderson localization, and delocalization will take place
under quantum measurement [8, 9, 10]. In particular,
without using any strong projection postulate, Gurvitz
showed that complete delocalization, i.e., absolute equal
occupation probabilities on each local state, will be in-
evitably approached, under the influence of local mea-
surement by a QPC [11]. There, the delocalization was
also interpreted in terms of the measurement-induced loss
of quantum coherence. In this work, we show that the de-
localization behavior predicted in Ref. 11 is valid only at
high voltage limit, and extend the study to arbitrarily fi-
nite voltages. Also, we conclude that the delocalization is
largely a result of energy exchange of the measured elec-
tron with the measurement device QPC, thus depends on
the measurement voltages.
Model Description.— As schematically shown in Fig.
1, consider an electron in a one-dimensional array of cou-
pled quantum wells, which is measured by a mesoscopic
QPC. The entire system Hamiltonian reads
H = H0 +H
′, (1a)
H0 = HS +
∑
k
(ǫLk c
†
kck + ǫ
R
k d
†
kdk), (1b)
HS =
N∑
j=1
ǫjc
†
jcj +
N−1∑
j=1
(Ωjc
†
j+1cj +H.c.), (1c)
H ′ =
∑
k,q
(Ωqk +
∑
j
χjqkc
†
jcj)c
†
kdq +H.c.. (1d)
In this decomposition, the free part of the total Hamil-
tonian, H0, contains Hamiltonians of the measured sys-
tem (HS) and the QPC reservoirs (the last two terms).
The operator c†j(cj) corresponds to the creation (annihi-
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FIG. 1: Schematic illustration of using the mesoscopic
quantum-point-contact to measure an electron in multiple
coupled quantum wells.
lation) of an electron in the jth well. For simplicity we
assume that each well contains a single bound state ǫj
and is coupled only to its nearest neighbors with cou-
plings Ωj and Ωj−1. c
†
k(ck) and d
†
k(dk) are, respectively,
the electron creation (annihilation) operators of the left
and right reservoirs of the QPC. The Hamiltonian H ′
describes electron tunneling between the two reservoirs
of the QPC detector with, for instance, tunneling am-
plitude Ωqk +
∑
j χ
j
qkc
†
jcj, which generally depends on
the measured electron’s position that is characterized by
occupation operator c†jcj . This dependence properly de-
scribes the correlation between the detector and the mea-
sured system, which enables to draw out measurement in-
formation from the output current, and simultaneously
propagates back-action of the detector onto the measured
system, causing state dephasing and relaxation.
Measurement Back-Action.— Statistically, the mea-
surement back-action onto the measured system is de-
scribed by a quantum master equation (QME) that is
satisfied by the reduced density matrix. Regarding the
tunneling Hamiltonian H ′ as perturbation, the second-
order cumulant expansion gives rise to a formal equation
for the reduced density matrix [12]
ρ˙(t) = −iLρ(t)−
∫ t
0
dτ〈L′(t)G(t, τ)L′(τ)G†(t, τ)〉ρ(t).
(2)
Here the Liouvillian superoperators are defined as L(· · · )
≡ [HS,(· · · )], L′(· · · ) ≡ [H ′, (· · · )], and G(t, τ)(· · · ) ≡
G(t, τ)(· · · )G†(t, τ) with G(t, τ) the usual propagator
(Green’s function) associated with HS . The reduced den-
sity matrix ρ(t) = TrD[ρT (t)], resulting from tracing out
all the detector degrees of freedom from the entire den-
sity matrix. However, for quantum measurement where
the specific readout information is likely to be recorded,
the average should be performed over the unique class of
states of the detector we are trying to keep track of.
For the measurement setup under study, the relevant
quantity of readout is the transport current i(t) in the
detector, or equivalently, the number of electrons that
have tunnelled through the detector, n(t) =
∫ t
0
dt′i(t′).
We therefore classify the Hilbert space of the detector
as follows. First, we define the subspace in the ab-
sence of electron tunneling through the detector as D(0),
which is spanned by the product of all many-particle
states of the two isolated reservoirs, formally denoted as
D(0) ≡ span{|ΨL〉 ⊗ |ΨR〉}. Then, we introduce the tun-
neling operator f † ∼ f †qk = d†qck, and denote the Hilbert
subspace corresponding to n-electrons tunnelled from the
left to the right reservoirs as D(n) = (f †)nD(0), where
n = 1, 2, · · · . The entire Hilbert space of the detector is
D = ⊕nD(n).
With the above classification of the detector states, the
average over states in D in Eq. (2) is replaced with states
in the subspace D(n). Following Ref. 7, a conditional
master equation can be derived as
ρ˙(n) = −iLρ(n) − 1
2
{
[QQ˜ρ(n) +H.c.]
−[Q˜(−)ρ(n−1)Q+H.c.]
−[Q˜(+)ρ(n+1)Q+H.c.]
}
. (3)
Here Q ≡ Ω0 +
∑
j χjc
†
jcj . For simplicity, we have as-
sumed Ωqk = Ω0 and χ
j
qk = χj , i.e., the tunneling ampli-
tudes are of reservoir-state independence. Other quan-
tities and notations in Eq. (3) are explained as follows.
Q˜ = Q˜(+) + Q˜(−), and Q˜(±) = C˜(±)(L)Q, with C˜(±)(L)
the spectral function of the QPC reservoirs. Under wide-
band approximation, C˜(±)(L) can be explicitly carried
out as [6]: C˜(±)(L) = η [x/(1− e−x/T )]
x=−L∓V
, where
η = 2πgLgR, with gL(R) the density of states of the left
(right) reservoir, and T is the temperature. In this work
we use the unit system of h¯ = e = kB = 1. The mean-
ing of the super-operator function C˜(±)(L) will become
more clear by explicitly carrying out the matrix elements
of Q˜(±). In the eigen-state basis {|Em〉}, we easily ob-
tain Q˜
(±)
mn = C˜(±)(±ωmn)Qmn, where ωmn = Em − En
and Qmn = 〈Em|Q|En〉. In this derivation, the sim-
ple algebra 〈Em|LQ|En〉 = 〈Em|(HSQ − QHS)|En〉 =
(Em − En)Qmn has been used. Here we see clearly that
the Liouvillian operator “L” in C˜(±)(L) properly involves
the energy transfer between the detector and the mea-
sured system into the transition rates, thus implies a de-
tailed balance condition which determines the stationary
occupation probabilities.
Note that ρ(n)(t) contains rich information about the
measurement. From it, one can obtain the distribution
function of tunnelled electron numbers, the measurement
current, and the output power spectrum, etc. How-
ever, the measurement back-action can be described by
a much simpler equation, i.e., the un-conditional mas-
ter equation. Summing up Eq. (3) over “n”, the un-
conditional QME satisfied by the reduced density matrix,
ρ =
∑
n ρ
(n), is obtained as
ρ˙ = −iLρ− 1
2
[Q, Q˜ρ− ρQ˜†], (4)
3where the term [· · · ] describes the back-action of the de-
tector on the measured system. At high-voltage limit,
i.e., the voltage is much larger than the eigen-energy dif-
ferences “ωmn” as mentioned above, the spectral function
C˜(±)(L) ≃ C˜(±)(0), and Eq. (4) reduces to a Lindblad-
type master equation
ρ˙ = −iLρ+ C˜(0)
[
QρQ− 1
2
(Q2ρ+ ρQ2)
]
, (5)
where C˜(0) = C˜(+)(0)+ C˜(−)(0). It is straightforward to
check that this equation is nothing but the Lindblad-type
master equation used in literature [1, 4, 5].
In the following we first study the measurement in-
duced dephasing behavior in the low voltage regime. Nu-
merically, consider N = 20 wells with random energy
levels (ǫj). The coupling strengths between the nearest-
neighbor wells are assumed identical, Ωj = Ω, and the
disorder strength ∆ is set to be ∆ = 0.9Ω in the numeri-
cal calculation. For the QPC, we assume Ωqk ≡ Ω0 = Ω,
the density of states of the reservoirs gL = gR = 0.5/Ω,
and the measurement voltage V = 1.5Ω. From the ba-
sics of quantum mechanics, dephasing (or interference
destruction) is resulted from the effort of distinguish-
ing the superposition components of a quantum state.
Therefore, we adopt two models to reveal the measure-
ment induced dephasing. One model corresponds to that
the experimenter wants to distinguish the electron’s po-
sition in each quantum well. This can be implemented
by assuming quantum-well-state-dependent tunneling co-
efficients through the QPC in terms of Ω + χj , with
χj = Ω/
√
4 + (j − 1)2. Another is the model studied
in Ref. 11, in which the experimenter only distinguishes
the electron in the first (nearest) well from others, by
simply assuming χj = Ω/2 for occupation of the elec-
tron in the first well, and χj = 0 for other occupations.
The resultant faster dephasing behavior from the former
model is plotted in Fig. 2(a) and (b), and the slower de-
phasing from the latter is shown in Fig. 2(c) and (d). As
expected, these quite different dephasing rates are con-
sistent with the general quantum measurement principle,
i.e., stronger (more careful) observation leading to faster
(more complete) dephasing.
Note that in the local well-state representation, the
real part of the off-diagonal matrix element does not van-
ish after sufficient measurement, e.g., see Fig. 2(a). The
underlying reason is that the back-action of the present
continuous weak measurement plays a role of an effective
thermal bath, in particular the measurement voltage is
equivalent to an effective temperature [6]. As a result, the
long-time (sufficient) measurement will make the mea-
sured state be an effective thermal state, leading to zero
off-diagonal elements of the density matrix between the
eigen-energy states. Thus, in general the density matrix
is not diagonal in the alternative quantum-well-state ba-
sis, where the coherence between the quantum-well-states
originates from the superposition components (branch
waves) of the same eigen-energy state, but not between
them. In Ref. 1 and 11, the high voltage limit leads to
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FIG. 2: Measurement-induced dephasing behaviors in the
presence of inelastic tunneling through the QPC, in low volt-
age regime (V = 1.5Ω). Here, by the solid and dashed curves,
we plot the real and imaginary parts of the off-diagonal matrix
elements ρij , which are defined in the local well-state basis.
Distinct dephasing rates are obtained from two different mod-
els: the faster dephasing behaviors in (a) and (b) correspond
to stronger measurement in attempt to distinguish the elec-
tron’s position in each quantum well; the much slower ones in
(c) and (d) are resulted from observation that only determines
the electron in the first (nearest) quantum well.
an equal occupation probability in the effective thermal
state, which makes the density matrix be diagonal in ar-
bitrary state basis.
Another consequence of back-action is the
measurement-induced relaxation, as numerically shown
in Fig. 3, where the adopted parameters are the same
as above. Rather than the restriction to the large
voltage limit as in Ref. 11, here we particularly focus
on the low voltage regime, say, V < ∆, with ∆ the
disorder strength. Initially (at time t = 0), the electron
is assumed in the ground state, with a distribution
probability dominantly localizing in the eighteenth well,
as shown by the solid curves in Fig. 3. As a result of the
measurement, the state relaxation gradually takes place,
i.e., delocalization leads to re-distribution of electron
probability in each well. Note that our result shown
in Fig. 3(a) differs considerably from that in Fig. 3(b)
based on the Lindblad-type master equation Eq. (5).
The latter shows that after sufficient relaxation each well
is occupied with identical probability, which was indeed
4proven analytically in Ref. 11. However, our treatment
leads to un-equal occupation probabilities in each well.
This discrepancy originates from whether the inelastic
energy exchange between the detector and the measured
system is properly included in the transition rates [6, 7],
which leads to a non-trivial detailed balance condition.
Remarkably, we notice that ignoring this inelastic effect
in the transition rates is equivalent to assuming the
large voltage limit. This is in particular illustrated by
Fig. 3(c) in comparison with Fig. 3(b).
Output Current.— The un-conditional dynamics de-
scribed by Eq. (4) appropriately addresses the measure-
ment induced back-action. However, measurement infor-
mation cannot be drawn out from it. In this sense, the
conditional version of master equation (3) contains rich
measurement information. Based on it, one can study the
readout characteristics of the detector, such as the output
noise spectrum and current [7]. Here we exemplify how
to calculate the measurement current. From ρ(n)(t), the
distribution function reads P (n, t) = Tr[ρ(n)(t)], which
describes the probability of finding “n” electrons tun-
nelled through the QPC barrier up to time “t”. As a
result, the measurement current is obtained as [7]
I(t) ≡ edN(t)
dt
= e
∑
n
nTr[ρ˙(n)(t)]
=
e
2
Tr[Q¯ρQ+H.c.], (6)
where Q¯ ≡ Q˜(−) − Q˜(+). In particular, the stationary
measurement current can be expressed in general as
Iss = I
(0) + I˜ . (7)
Here I(0) =
∑N
j=1 Ijρjj , with ρjj the occupation proba-
bility of the jth well, and Ij the associated readout cur-
rent. Explicitly, Ij = V gj, with gj the conductance de-
fined by gj = e
2η(Ω0+χj)
2. As found in Ref. 6, long-time
sufficient measurement only results in complete dephas-
ing between eigenstates, but not the local quantum-well
states, i.e., ρjj′ 6= 0, which leads to the non-vanishing
term I˜ in Eq. (7).
As an explicit example, consider a two-state system
(qubit). Let us denote the local energy-level offset by ǫ =
(ǫ2− ǫ1)/2, and ∆ = E2−E1 = 2
√
ǫ2 +Ω2 for the eigen-
energy difference. For convenience, we also introduce
sin θ = 2Ω/∆. At zero temperature, for low bias voltage
V < ∆, the stationary current is Iss = I1ρ11 + I2ρ22 +
sin θ
2 (χ1 − χ2)2ηV Reρ12. For voltage V > ∆, the current
reads Iss = I1ρ11+I2ρ22+
sin θ
2 (χ1−χ2)2η∆Reρ12. Here,
for qubit measurement, we have analytically shown the
current “correction” due to the non-vanishing ρ12.
In the following, we study numerically the charac-
teristics of measurement current for more complicated
(multi-state) system. To be definite, consider an array of
four coupled quantum wells, which is parameterized by
ǫj/Ω = 2, 4, 1, 0 (j=1,2,3,4). The corresponding eigen-
energies read E1 = −0.69Ω, E2 = −1.2Ω, E3 = 1.83Ω,
Fig.3 by Hu and Li
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FIG. 3: Measurement-induced delocalization of the electron,
initially which is dominantly localized in the eighteenth quan-
tum well (in the ground state), as denoted by the solid curves.
Shown in the figure by the dashed, dotted, and symbolized
curves are the distribution probabilities in each well, at times
0.4Ω−1, 0.8Ω−1, and 500Ω−1, respectively. In low voltage
regime, the detailed-balance preserved result in (a) differs con-
siderably from that in (b) obtained from the Lindblad master
equation Eq. (5). At high voltage limit, the result in (c) from
Eq. (4) recovers the prediction by Eq. (5).
and E4 = 4.67Ω. Also, let us denote the eigen-energy
differences by ∆ij = Ei − Ej . In Fig. 4(a) we found
three transition voltages, V1 = 1.9Ω, V2 = 2.55Ω, and
V3 = 3.5Ω, which correspond to, respectively, the tran-
sition energies ∆21, ∆31, and ∆42. The conductance
plateaus in Fig. 4(a) can be accordingly understood as
follows. In the low voltage regime, V < V1, the electron
relaxed onto the ground state that contains the dominant
components of local well states |4〉 and |3〉. The differen-
tial conductance is thus approximated by g3ρ33 + g4ρ44.
In the regime V1 < V < V2, the detector back-action
causes re-excitation of electron from the ground state
|E1〉 to |E2〉, and from |E2〉 to |E3〉. These processes
lead to the obvious changes of occupation probabilities
on local states |4〉 and |1〉 [Fig. 3(c)], which result in
the first conductance plateau in Fig. 3(a). If V > V2,
direct excitation from |E1〉 to |E3〉 takes place, leading
to jumps of the local state probabilities ρ11 and ρ44 as
shown in Fig. 3(c), and the second conductance plateau
in Fig. 3(a). Finally, as V > V3, excitation from |E2〉
to |E4〉 is induced by the back-action. As a consequence,
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FIG. 4: (a) Measurement current (plotted in terms of the
non-linear differential conductance dI/dV ) versus the bias
voltage across the QPC detector. Here the solid, dot-dashed
and dashed curves are, respectively, resulted from “I(0) + I˜”,
“I(0)” and Gurvitz’s Bloch equation approach [1, 11]. (b)
The associated occupation probabilities in the individual lo-
cal wells, and (c) their differential altering rates with the volt-
ages. Based on (b) and (c) together with the current formula
Eq. (7) the conductance plateaus in (a) can be readily under-
stood (see the main text for details).
the occupation probability of the local state |2〉 has a
jump, since |2〉 is the dominant component of the eigen-
state |E4〉. This leads to the last observable conductance
plateau in Fig. 3(a).
Concluding Remarks.— Based on the detailed-balance
preserved Eqs. (3) and (4), we have studied the quan-
tum measurement problem of a multi-state system mea-
sured by the mesoscopic QPC detector. The implica-
tion of present study is twofold. On one hand, via this
multi-state model system, we illustrated that in general
the QPC measurement setup cannot be described by
the Lindblad-type master equation [i.e. Eq. (5)], which
has been commonly assumed (either explicitly or im-
plicitly) in recent literatures [1, 4, 5, 11]. This conclu-
sion may have impact on the future study of solid-state
quantum measurement and quantum feedback control.
On the other hand, in comparison with previous studies
on the measurement-induced delocalization, particularly
Ref. 11, we shed new light on the underlying physics.
Namely, rather than owing to the mere loss of quantum
coherence [11], the delocalization stems largely from the
energy exchange of the measured electron with the mea-
surement device QPC, thus depends on the measurement
voltages and leads to a number of distinct delocalization
features.
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